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1. The sigmoid function is defined as

σ(a) =
1

1 + exp(−a)

and the ReLU function is defined as

ReLU(x) =

{
0 ;x ≤ 0

x ;x > 0

The derivative of σ(ReLU(a)) with respect to a a is ....

(a)

{
σ(a)− σ(a)2 a ≥ 0

0.5 a < 0

(b)

{
σ(a)− σ(a)2 a > 0

0 a ≤ 0

(c)

{
σ(a)− σ(a)2 a ≥ 0

0 a < 0

(d)

{
σ(a)− σ(a)2 a > 0

0.5 a ≤ 0

(e) σ(a)− σ(a)2

(Points 5)

Solution:

σ(ReLU(a)) =

{
0.5 ; a ≤ 0

σ(a) ; a > 0
(1)

∂

∂a
σ(ReLU(a)) =

{
0 ; a < 0

σ(a)(1− σ(a)) ; a > 0
(2)

As the derivative is discontinuous at a = 0, both options (b) and (c) are accepted.



2. If A is constrained to be a symmetric matrix, the derivative ∂
∂Ax

TAx = ......

(a) 2xxT

(b) xxT

(c) xxT − diag(xxT )

(d) 2xxT − diag(xxT )

(Points 5)

Solution: Assuming x is a D dimensional vector and A is a symmetric matrix of dimen-
sion D ×D,

xTAx =
D∑

m=1

D∑
n=1

xmAmnxn

∂

∂Aij
(xTAx) =

{
xixj + xjxi if i 6= j ∵ Aij = Aji

xixi if i = j

=

{
2xixj if i 6= j

xixi if i = j

∂

∂A
(xTAx) =


x1x1 2x1x2 . . . 2x1xD
2x2x1 x2x2 . . . 2x2xD

...
...

. . .
...

2xDx1 2xDx2 . . . xDxD



= 2


x1x1 x1x2 . . . x1xD
x2x1 x2x2 . . . x2xD

...
...

. . .
...

xDx1 2xDx2 . . . xDxD

−

x1x1 0 . . . 0

0 x2x2 . . . 0
...

...
. . .

...
0 0 . . . xDxD


= 2xxT − diag(xxT )

Option (d) is the right answer.



3. Neural Networks - Cost Function - Let us define a NN with {xi}Ni=1 and {ti}Ni=1

denote the input and targets to the NN for N training data points. The task is classi-
fication with hard targets t ∈ BC×1, where B denotes boolean variable (0 or 1), and C
is the number of classes. Note that every data point xi is associated with only one class
label ci where ci ∈ {1, 2, .., C} classes. The output of the network is denoted as yi where
yi = {y1

i , y
2
i , .., y

C
i } ∈ RC×1 and 0 < yi < 1. The NN cost function is defined using mean

square error (MSE).

EMSE =
N∑
i=1

||ti − yi||2

Which of the following statements are true regarding the MSE loss function (justify your
answer).

(a)
N∑
i=1

[
1− ycii

]
> EMSE

(b)
N∑
i=1

[
1− ycii

]2 ≤ EMSE

(c)
N∑
i=1

[
1− ycii

]2 ≥ EMSE

(d) None of the above

(Points 10)

Solution:

Option (a) need not always be true. Here is a counter example:
Let N = 1, C = 2, c1 = 1, c2 = 0, y1

1 = 0.2, y2
1 = 0.8.

1− yc11 = 1− 0.2
= 0.8

EMSE = (1− 0.2)2 + (0− 0.8)2

= 1.28

Option (b) is always true. Proof:

EMSE =
N∑
i=1

||ti − yi||2

=
N∑
i=1

C∑
c=1

(tci − yci )2

=

N∑
i=1

[
(1− ycii )2 +

C∑
c=1
c 6=ci

(−yci )2

︸ ︷︷ ︸
A non-negative quantity

]

≥
N∑
i=1

[
1− ycii

]2
Options (c) and (d) are false by contradiction.



4. A binary linear classifier is trained using mean square error loss and is given by y =
wTx+ b, where y > 0 is associated with class C1 and y ≤ 0 with class C2. Separately a
logistic regression classifier is trained using maximum likelihood criterion and it outputs
y = σ(wTx+ b) with y > 0.5 associated with class C1 and y ≤ 0.5 associated with class
C2. Check whether the following statements are true or false (justify your choice in each
case).

(a) If the weight w and the bias b are the same for both classifiers, the logistic regression
performs better classification than the linear classifier.

(b) When trained using the same training data, both the linear classifier and the logistic
regression classifier have the same parameters w and b.

(Points 10)

Answer:

(a)

σ(wTx+ b) = 0.5 ⇐⇒ wTx+ b = 0 (Boundary condition)

σ(wTx+ b) < 0.5 ⇐⇒ wTx+ b < 0 (Decided class C1)

σ(wTx+ b) > 0.5︸ ︷︷ ︸
Logistic regression decision rule

⇐⇒ wTx+ b > 0︸ ︷︷ ︸
Linear classifier decision rule

(Decided class C2)

If the weight w and the bias b are the same for both classifiers, the decision made on a
test feature vector x is the same by both logistic regression and linear classifiers. Hence,
statement (a) is FALSE.

(b) The linear classifier minimizes the mean squared error function

EMSE =

N∑
i=1

(yi − ti)2

=
N∑
i=1

(wTxi + b− ti)2

and the logistic regression classifier maximizes the likelihood

L =
N∏
i=1

p(ti = 1|xi)

=
N∏
i=1

(yi)
ti(1− yi)(1−ti)

=

N∏
i=1

σ(wTxi + b)ti(1− σ(wxi + b))(1−ti)

The two classifier are optimized on two different functions, which do not necessarily have
the same optimal point. Hence, statement (b) is FALSE.

Moreover, the MSE of a linear classifier is a convex function in w and b, whereas the
likelihood function is non convex. It could have several local minima. When trained
using the same training data, it can not be guaranteed that the linear classifier and the
logistic regression classifier have the same parameters w and b.



5. A deep neural network with 1 hidden layer is described as follows. The input is denoted
as x, and the output of layer 1 as z(1) = φ(W (1)x + b(1)), where φ is the non-linearity
applied. The output activation of the second layer is given as a(2) = (W (2)z(1) + b(2)),
and the network output is y = ψ(a(2)) where ψ can be of two types, linear activation
(ψ(a(2)) = a(2)) and soft-max activation ψ(a(2)) = softmax(a2). The error function in
the case of linear activation is the mean square loss EMSE = ||t − y||2, while we use a
cross entropy loss ECE = −

∑C
i=1 ti log yi for the soft-max activation. Here t is the target

vector.

Check whether the following statement is true or false.

“The derivative of cross entropy loss
(
∂ECE

∂a(2)

)
with softmax target activation is equivalent

to derivative of MSE loss
(
∂EMSE

∂a(2)

)
with linear target activation.”

(Points 10)

Answer:

For the first case, we have

EMSE = ||t− y||2

= (t− y)T (t− y)

Taking derivative wrt a(2)

∂EMSE

∂a(2)
=

∂y

∂a(2)

∂EMSE

∂y

= I {−2(t− y)} [since y = a(2)]

= 2(y − t)

For the second case,

ECE = −
C∑

j=1

tj log yj

= −
C∑

j=1

tj log
ea

(2)
j∑C

c=1 e
a
(2)
c

= −
C∑

j=1

tja
(2)
j +

C∑
j=1

tj log

C∑
c=1

ea
(2)
c

Taking derivative wrt a
(2)
i

∂ECE

∂a
(2)
i

= −ti +

C∑
j=1

tj
ea

(2)
i∑C

c=1 e
a
(2)
c︸ ︷︷ ︸

softmax(a
(2)
i )

= yi − ti



∂ECE

∂a(2)
= y − t

Though the derivatives are equivalent in terms of the network output y, the network
outputs itself are different in both cases. (The first network has a linear activation and
the second network has softmax activation. Hence they are not equivalent.)



6. Assume a neural network with 1 hidden layer, where all the weights and bias parameters
of the model are initialized to 0 with Tanh as the activation function in the hidden layer
and linear activation at the output layer. Check whether the following statement is true
or false.

“The weight matrix in the first layer W 1 does not get updated during the backpropaga-
tion”

(Points 10)

Answer:

The neural network can be expressed as follows:

x
W (1)x+b(2)−−−−−−−→ a(1) tanh(a(1))−−−−−−→ y(1) W (2)y(1)+b(2)−−−−−−−−−→ a(2) (linear activation)−−−−−−−−−−−→ y(2)

The backpropogated derivatives of the error function wrt W (1) and W (2) are given by

∂E

∂W (2)
=

∂a(2)

∂W (2)︸ ︷︷ ︸
=y(1)T =0

∂y(2)

∂a(2)

∂E

∂y(2)

∂E

∂W (1)
=

∂a(1)

∂W (1)

∂y(1)

∂a(1)

∂a(2)

∂y(1)︸ ︷︷ ︸
=W (2)=0

∂y(2)

∂a(2)

∂E

∂y(2)

When the weights and biases are initialized to zero, the gradients wrt W (2) is zero, and
hence W (2) do not get updated. The derivative wrt W (1) will remain zero, and hence
W (1) will also never get updated.

So the statement is TRUE.


